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[CLP]. , Kerr-NUT-de Sitter ,
. ,
2 Killing-Yano







. , Kerr-NUT-de Sitter
, BPS




4 . $(t, r, \theta, \phi)\in R^{4}$ ,
$g=-f(r)dt^{2}+ \frac{dr^{2}}{f(r)}+r^{2}d\theta^{2}+r^{2}$ sin2 $\theta d\phi^{2}$ (2)
. $f^{arrow}=1-(2m/r)$ $m$
. $r=2m$ $f=0$ .





, 2006 $Chen- L\ddot{u}-$
Pope Kerr-NUT-de Sitter [CLP].
$d$ Einstein , , ,
NUT $d$ $\{c_{k}, b_{\mu}, c\}$
$((7),(8)$ ). $d$














$Q_{\mu}(x)= \frac{X_{\mu}}{U_{\mu}}$ , $U_{\mu}= \prod_{\nu=1,\nu\neq\mu}^{n}(x_{\mu}^{2}-x_{\nu}^{2})$ (6)
, $X_{\mu}=X_{\mu}(x_{\mu})$ $x_{\mu}$ . Einstein
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(a) $d=2n$
$X_{\mu}= \sum_{k=0}^{n}c_{k}x_{\mu}^{2k}+b_{\mu}x_{\mu}$ , (7)
(b) $d=2n+1$





3.1. $h=(h_{c_{1}\cdots c_{n}})$ $d$ Riemann $(M,g)$ $n$-
. $h$ $n$
Killing-Yano .
$\nabla_{a}h_{bc\iota\cdots c_{n- 1}}+\nabla_{b}h_{ac_{1}\cdots c_{n-1}}$ $=2g_{ab}\xi_{c\iota\cdots c_{\mathfrak{n}-1}}$ (9)
$+ \sum_{:=1}^{n-1}(-1)^{i}(g_{ac_{1}}\xi_{bc_{1}\cdots\hat{q}\cdots c_{n-1}}+g_{bc_{i}}\xi_{ac\iota\cdots\hat{c}_{1}\cdots c_{n- 1}})$
, (n–l) $\xi=(\xi_{c_{1}\cdots c_{n-1}})$
$\xi_{c_{1}\cdots c_{n- 1}}=\frac{1}{d-n+1}\nabla^{a}h_{ac_{1}\cdots c_{n-1}}$ (10)
. $\nabla$ $g$ Levi-Civita .
, Killing-Yano CKY
. U. Semmelmann CKY
[S]. $O(d)$
$T^{*}M\otimes\Lambda^{n}T^{*}M\cong\Lambda^{n-1}T^{*}M\oplus\Lambda^{n+1}T^{*}M\oplus\Lambda^{n,1}T^{*}M$ (11)
. $n$- $h$ $\nabla h$ $T^{*}M\otimes\Lambda^{n}T^{*}M$ ,
1 , 2 , $d^{*}h$ ,
$dh$ . , 3 $T:\Gamma(\Lambda^{n}T^{*}M)arrow$
$\Gamma(\Lambda^{n,1}T^{*}M)$
[Th](X) $= \nabla_{X}h-\frac{1}{p+1}\iota_{X}dh+\frac{1}{n-p+1}X\wedge d^{*}h$ (12)
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. 3.1. .




4.1 [HOYI] [HOY2]. $d$ $(M, g)$ 3
2 CKY $h$ :
$(a1)dh=0$, $(a2)L_{\xi}g=0$ , $(a3)L_{\xi}h=0$ .
, $(M,g)$ Kerr-NUT-de Sitter .
2 CKY $h=(h_{ab})$ , (9)(10)
$\nabla_{a}h_{bc}+\nabla_{b}h_{ac}=2g_{ab}\xi_{c}-g_{ac}\xi_{b}-g_{bc}\xi_{a}$ , (13)
$\xi_{a}=\frac{1}{d-1}\nabla^{b}h_{ba}$ (14)
. $(M, g)$ Einstein [T]
, $\xi=(\xi^{a})$ Killing . $(a2)$
. Einstein
. , Kerr-NUT-de Sitter , $X_{\mu}=X_{\mu}(x_{\mu})$
(7)(8) $x_{\mu}$
.
4.1 , Kerr-NUT-de Sitter
. [HOYI]
. . $h$ $j$ (2j)
$h^{(j)}=h\wedge\cdots\wedge h$ . $(a1)$ $h^{(j)}$
. $h^{(j)}$ CKY . CKY
$h^{(j)}$ , Hodge $*$ $f^{(j)}=*h^{(j)}$
$f^{(j)}=(f_{a\iota\cdots a_{d-2j}}^{C)})$
$\nabla_{a_{1}}f_{a_{2}a_{3}\cdots a_{d- 2j+1}}^{(j)}+\nabla_{a_{2}}f_{a_{1}a_{S}\cdots a_{d-2j+1}}^{(j)}=0$ (15)
. Killing-Yano $(KY)$




. , $\eta^{(j)}$ $\eta_{a}^{(j)}=K_{a}^{(j)b}\xi_{b}$ ,






. $(x_{\mu}, \psi_{k})$ ,




. Stike [ST1] [ST2]:
$g^{\mu\mu}=\overline{\phi}_{(1)}^{\mu}(x),$ $g^{ij}= \sum_{\mu=1}^{n}\zeta_{\mu}^{ij}(x^{\mu})\overline{\phi}_{(1)}^{\mu}(x)$ . (20)
, $\overline{\phi}=$ $(\overline{\phi}_{(i)}^{\mu})$ $nxn$ St\"ackel $\phi=(\phi_{\mu}^{(i)})$ .
St\"ackel , $\mu$ $i$ $x_{\mu}$
. $\phi_{\mu}^{(i)}=\phi_{\mu}^{(:)}(x_{\mu})$ . $\zeta_{\mu}^{ij}$ $x_{\mu}$ ,
.
Killing $K^{(i)}$
$K^{(:)\mu\mu}=\overline{\phi}_{(i)}^{\mu}(x),$ $K^{(i)jk}= \sum_{\mu=1}^{n}\zeta_{\mu}^{jk}(x^{\mu})\overline{\phi}_{(i)}^{\mu}(x)$ (21)




. $I$ , $A^{(i)},$ $Q$ CKY
[HOYI]. CKY (13)
$\overline{\phi}_{(1)}^{\mu}(x)$ $=$ $\frac{X_{\mu}(x_{\mu})}{U_{\mu}}$ $U_{\mu}= \prod_{\nu=1,\nu\neq\mu}^{n}(x_{\mu}^{2}-x_{\nu}^{2})$
$\zeta_{\mu}^{1j}(x_{\mu})$ $=$ $\frac{(-1)^{i+j}x_{\mu}^{2(2n-2-2\epsilon-i-j)}}{X_{\mu}^{2}}+\frac{(-1)^{n+1}\epsilon}{cx_{\mu}^{2}X_{\mu}}\dot{P}^{n}\delta^{\dot{g}}$
. (20) , Kerr-NUT-de Sitter (3) $(\epsilon=$









$R_{\mu\nu}^{(10)}=\kappa F_{\mu\alpha\beta\gamma\delta}F_{\nu}^{\alpha\beta\gamma\delta},$ $d*F=0$ (23)
, $R_{\mu\nu}^{(10)}$ 10 Lorentzian $g^{(10)}$ Ricci , $F$ 5
. 10
, 4 Minkowski $(R^{1,3}, h)$ , 6
$Rieman\in an$ (X, g) (warped product)
.
$g^{(10)}=f^{-1/2}h+f^{1/2}\overline{g},$ $f\in C^{\infty}(X)$ (24)
. 5 $F$
$F=(1+*)vol(R^{1,\})$ A $df^{-1}$ (25)
. ” ’
. , Einstein-Maxwell $X$
$Ric(\overline{g})=0$ , $\triangle_{\Phi}f=0$ (26)
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. , $X$ Calabi-Yau cone $(C(M),\overline{g})=(R_{+}\cross M, dr^{2}+r^{2}g)$ ,
$f(r)=1+(a/r)^{4}$ (27)
, D3 .
5.1. Riemannian $(M,g)$ , cone $(C(M),\overline{g})=(R+\cross M,$ $dr^{2}+$
$r^{2}g)$ Calabi-Yau (Ricci-flat K\"ahler) Sasaki-Einstein
.
$C(M)$ $r=0$ . , 10 Lorentzian
, . ,
$f\sim(a/r)^{4}$ , 10 $g^{(10)}$ 5 Anti-de Sitter
$AdS_{5}$ Sasaki-Einstein $M$ .
$g^{(10)}$ $arrow g_{AdS}+a^{2}g$ (28)
$g_{AdS}$ $=$ $(r/a)^{2}h+(a/r)^{2}dr^{2}$





. $AdS_{5}$ $SO(2,4)$ .
. , Sasaki-Einstein
$C(M)$ Euler $r\partial/\partial r$ $J$
1 Killing (Reeb ) $\xi=J(r\partial/\partial r)$
. $U(1)$
$U(1)R$ . , (28)
, $AdS_{5}xM$ Killing
, 4 $\cross 2=8$ . 4 $SU(2,2|1)$
.
6. $Kerr-NUT$-de Sitter Sasaki-Einstein
, Kerr-NUT-de Sitter Sasaki-
Einstein .






$A=$ $-2 \sum_{r=1}^{n}\sigma_{r}d\phi_{r}$ (29)
$g^{(2n)}$ , Apostolov-Calderbtk-Gauduchon[ACG]
orthotoric 2- $(1/2)dA$ K\"ahler
K\"ahler-Einstein .
$g^{(2n)}= \sum_{\mu=1}^{n}\frac{dy_{\mu}^{2}}{R_{\mu}(y)}+\sum_{\mu=1}^{n}R_{\mu}(y)(\sum_{r=1}^{n}\sigma_{r-1}(\hat{y}_{\mu})d\phi_{r_{\text{ }}}2$ . (30)
Kerr-NUT-de Sitter




$R_{\mu}(y)= \frac{Y_{\mu}}{U_{\mu}}$ , $U_{\mu}= \prod_{\nu=1,\nu\neq\mu}^{n}(y_{\mu}-y_{\nu})$ (32)
. , Einstein
$Y_{\mu}=-4y_{\mu}^{n+1}+\sum_{k=1}^{n}c_{k}y_{\mu}^{k}+d_{\mu}$ (33)
. Cone $\overline{g}=dr^{2}+r^{2}g^{(2n+1)}$ , $K\ddot{a}$hler
$\omega=(1/2)d(r^{2}(d\tau+A))$ (34)
Ricci-flat . ,
5.1. $g^{(2n+1)}$ Sasaki-Einstein .
161
,
. , $\{y_{\mu}, \phi_{r}\}$ ,
$Y_{\mu}$ $\{c_{k}, d_{\mu}\}$ .
. 5
$Cvetic- L\ddot{u}$-Page-Pope .
6.1 [CLPPI, 2] $S^{2}\cross S^{3}$ , 5 Kerr-NUT-de Sitter
3 $\{a, b, c\}$
Sasaki-Einstein $L^{abc}$ .
(29) 5 . ,
$a,$ $b,$ $c$ ,
Killing
. $\{c_{k}, d_{\mu}\}$ 3 $a,$ $b,$ $c.\text{ ^{}\prime}$ ”
. $L^{abc}$ , 2 $\{p, q\}$ $S^{2}\cross S^{3}$
Sasaki-Einstein $Y^{pq}$ (Appendix ).




6.2 [FOW][CFO]. $S^{2}\cross S^{3}$
Sasaki-Einstein .
5 Sasaki-Einstein
, / 1 . , $Y^{pq}$
,
. , $Y^{pq}$
bifundamental $\{Y, Z, U^{\alpha}, V^{\alpha}\}(\alpha=1,2)$




( ) , $D$ $R$
$Q_{R}$ . $D$ $Q_{R}$
$D\geq(3/2)Q_{R}$ . short





$E$ $\Psi=\Psi(x, \theta, \phi_{r})$
$\Psi=\exp(\sqrt{-1}\sum_{r=1}^{3}N_{r}\phi_{r})F(x)G(\theta)$ , $(\phi_{r})=(\alpha,\psi,\phi)$ (35)
. $\triangle_{g}\Psi=E\Psi$ $F$ $G$ 2
. $G$ Jacobi
. $F$ 4 Heun
( ).
6.1 [KSY]. $E=D(D+4)$ $\triangle_{g}$ .
$D=(3/2)Q_{R},$ $Q_{R}$ $Meson\{S, \mathcal{L}_{+}, \mathcal{L}_{-}\}$ $R$ .
.
Meson $S$ $D=(3/2)\cross 2=3$ .
$N=(1,0,0)$ (41) Reeb $\xi$ .
Meson $\mathcal{L}_{+}$ $D=(3/2)(p+q-1/(3\ell))$ .
$N=(n, n-p, 1)(n=0,1,2, \ldots,p+q)$ $\xi$ . $n$
$J=(p+q)/2$ .
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Meson $\mathcal{L}_{-}$ $D=(3/2)(p-q+1/(3\ell))$ .
$N=(n, n, -1)(n=0,2, \ldots,p-q)$ $\xi$ . $n$
$J=(p-q)/2$ .
$N$ , Appendix polyhedral cone $C$
. 6.1
$D=\{(\xi, N)|N\in Z^{3}\cap C\}$ (36)
. , $C$ $C(Y^{p,q})$
. , Meson $\Psi$ $C(Y^{p,q})$
. cone $r$ , $\tilde{\Psi}=r^{D}\Psi$
. /
. $r$ $AdS_{5}$ $SO(1,1)\subset SO(2,4)$
, $D$ .
Dirac .
6.2 [OY2]. $E=\pm(\tilde{D}+1)$ Dirac .
$\tilde{D}=\{(\xi,\tilde{N}|\tilde{N}\in(Z^{3}\cup Z_{1/2}^{3})\cap\tilde{C}\}$ . , $\xi$ Reeb , $\tilde{C}$
polyhedral cone $C$ $\tilde{C}=\{y\in R^{3}|(v^{a}, y)\geq 1/2\}$
.
6.1 62 $Y^{pq}$ .
Sasaki-Einstein $L^{abc}$ [OY3].
7. APPENDIX Sasaki-Einstein $Y^{pq}$
5 Sasaki-Einstein .
7.1 [BFGK]. $S$ 5 regular Sasaki-Einstein
. $S$ , $S^{5}$ , Stiefel $V_{2,4}=SO(4)/SO(2)$
K\"ahler-Einstein Del Pezzo $S^{1}$ 1
.
Quasi-regular ) Reeb Sasaki-Einstein
locally free $S^{1}$ . K\"ahler-Einstein
. Boyer-Galicki





$g$ $=$ $\frac{(1-x)}{6}(d\theta^{2}+\sin^{2}\theta d\phi^{2})+\frac{1}{\omega(x)q(x)}dx^{2}$ (38)
$+$ $\frac{q(x)}{9}(d\psi-\cos\theta d\phi)^{2}+\omega(x)(d\alpha+f(x)(d\psi-\cos\theta d\phi))^{2}$
.
$\omega(x)=\frac{2(a-x^{2})}{1-x}$ $q(x)= \frac{a-3x^{2}+2x^{3}}{a-x^{2}}$ $f(x)= \frac{a-2x+x^{2}}{6(a-x^{2})}$ (39)
. $S^{2}\cross S^{3}$ .
, $\theta$ $\phi$ $0\leq\theta\leq\pi,$ $0\leq\phi\leq 2\pi$ . (38)
1 $S^{2}$ . , 3 $a-3x^{2}+2x^{3}=0$ $2\supset$
$x_{1},$ $x_{2}$ , $x_{1}\leq x\leq x_{2}$ , $0\leq\psi\leq 2\pi$ , $(\theta, \phi, x, \psi)$
4 $B$ $S^{2}\cross S^{2}$ .
, $\alpha$
$0\leq\alpha\leq 2\pi\ell,$ $\ell^{-1}=(3q^{2}-2p^{2}+p\sqrt{4p^{2}-3q^{2}})/q$ (40)
$\alpha$ $B$ $S^{1}$ . $p,$ $q$ $H^{2}(B, Z)$
.
Calabi-Yau cone $C(Y^{pq})$ $T^{3}$ $\partial/\partial\phi^{i}(0\leq\phi^{i}\leq 2\pi)$
, Killing $\{\partial/\partial\phi, \partial/\partial\psi, \partial/\partial\alpha\}$
. Reeb ,
$\xi=(3,$ $-3,$ $- \frac{3}{2}(p-q+\frac{1}{3\ell}))$ (41)
, Sasaki-Einstein irregular
. $T^{3}$ $C(Y^{pq})$ convex rational
polyhedral cone $C\subset R^{3}$
.
$C=\{y\in R^{3}|(v^{a},y)\geq 0 ; a=1\sim 4\}$ . (42)
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$v^{a}=(1,w^{a})\in Z^{3}\subset R^{3}$
$w^{1}=(-1, -p),$ $w^{2}=(0,0),$ $w^{3}=(-1,0),$ $w^{4}=(-2, -p+q)$ (43)
.
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